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研究背景 
Background 



Latent Class Analysis (LCA) : 

latent class  𝐽𝐽 𝑌𝑌2 

𝑌𝑌1 

𝑌𝑌𝑀𝑀 

   Measured response 

Unobserved variable 

Functional disability 

feeding: 0, 1 

dressing: 0, 1 

toilet use: 0, 1, 2 

簡報者
簡報註解
潜在类别模型(Latent Class Model, LCM; Lazarsfeld & Henry, 1968)或潜在类别分析(Latent Class Analysis, LCA)是通过间断的潜变量即潜在类别(Class)变量来解释外显指标间的关联，使外显指标间的关联通过潜在类别变量来估计，进而维持其局部独立性的统计方法。其基本假设是，外显变量各种反应的概率分布可以由少数互斥的潜在类别变量来解释，每种类别对各外显变量的反应选择都有特定的倾向



LCA model : 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚 = � 𝜂𝜂𝑗𝑗 ��𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗
𝑦𝑦𝑚𝑚𝑚𝑚

𝐾𝐾𝑚𝑚

𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

 

where  𝜂𝜂𝑗𝑗 = Pr 𝑆𝑆𝑖𝑖 = 𝑗𝑗 , 𝑗𝑗 = 1 … 𝐽𝐽  
              𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 = Pr(𝑌𝑌𝑖𝑖𝑚𝑚 = 𝑘𝑘|𝑆𝑆𝑖𝑖 = 𝑗𝑗�,  𝑦𝑦𝑚𝑚𝑚𝑚 = I 𝑦𝑦𝑚𝑚 = 𝑘𝑘 , 𝑚𝑚 = 1, … ,𝑀𝑀, 𝑘𝑘 = 1, … ,𝐾𝐾𝑚𝑚 
 

Assumptions : 
 
i.    Both latent variable and measured responses are discrete. 

 
ii.   Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 = ∏ Pr 𝑌𝑌𝑖𝑖𝑚𝑚 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖𝑀𝑀

𝑚𝑚=1  

簡報者
簡報註解
Measured responses are independent given class membership Si



LCR (latent class regression) model : 

    𝜂𝜂𝑗𝑗   →   𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖           covariate effects on latent prevalence 
 
• Dayton & Macready, 1988 
• Van der Heijden, Dessens, & Böckenholt, 1996 
• Bandeen-Roche, Miglioreti, Zeger, & Rathouz, 1997 

 
𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗  →   𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚    covariate effects on conditional probabilities 
 
• Melton, Liang, & Pulver, 1994 

 
We use the identifiable LCR model incorporating covariates to  
predict both the latent and measured outcomes. 
 
• Huang & Bandeen-Roche, 2004 

簡報者
簡報註解




LCR (latent class regression) model : 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚 = � 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ��𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗
𝑦𝑦𝑚𝑚𝑚𝑚 𝐳𝐳𝑖𝑖𝑚𝑚

𝐾𝐾𝑚𝑚

𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

 

 

                        𝐱𝐱𝑖𝑖 = 1, 𝑥𝑥𝑖𝑖1, … , 𝑥𝑥𝑖𝑖𝑖𝑖
𝑇𝑇

 

                        𝐳𝐳𝑖𝑖 = 𝐳𝐳𝑖𝑖1, … , 𝐳𝐳𝑖𝑖𝑀𝑀   with  𝐳𝐳𝑖𝑖𝑚𝑚 = 1, 𝑧𝑧𝑖𝑖𝑚𝑚1, … , 𝑧𝑧𝑖𝑖𝑚𝑚𝑖𝑖 𝑇𝑇  
 
• The covariates may include any combination of continuous and discrete measure. 
 
• Two sets of covariates can be mutually exclusive or overlap. 



LCR (latent class regression) model : 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚 = � 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ��𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗
𝑦𝑦𝑚𝑚𝑚𝑚 𝐳𝐳𝑖𝑖𝑚𝑚

𝐾𝐾𝑚𝑚

𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

 

 
 
 

𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 , 𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚  are related to 𝐱𝐱𝑖𝑖 , 𝐳𝐳𝑖𝑖𝑚𝑚 via generalized logit link functions : 
 

log 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖
𝜂𝜂𝐽𝐽 𝐱𝐱𝑖𝑖

= 𝛽𝛽0𝑗𝑗 + 𝛽𝛽1𝑗𝑗𝑥𝑥𝑖𝑖1 + ⋯+ 𝛽𝛽𝑃𝑃𝑗𝑗𝑥𝑥𝑖𝑖𝑃𝑃 = 𝐱𝐱𝑖𝑖𝑇𝑇𝜷𝜷𝑗𝑗   

 
with 𝑖𝑖 = 1, … ,𝑁𝑁;   𝑗𝑗 = 1, … , 𝐽𝐽 − 1 
 

log
𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗′ 𝐳𝐳𝑖𝑖𝑚𝑚
𝑝𝑝𝑚𝑚𝐾𝐾𝑚𝑚𝑗𝑗′ 𝐳𝐳𝑖𝑖𝑚𝑚

= 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗′ + 𝛼𝛼1𝑚𝑚𝑚𝑚𝑧𝑧𝑖𝑖𝑚𝑚1 + ⋯+ 𝛼𝛼𝑖𝑖𝑚𝑚𝑚𝑚𝑧𝑧𝑖𝑖𝑚𝑚𝑖𝑖 = 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗′ + 𝐳𝐳𝑖𝑖𝑚𝑚𝑇𝑇 𝜶𝜶𝑚𝑚𝑚𝑚 
 

with 𝑖𝑖 = 1, … ,𝑁𝑁;   𝑗𝑗′= 1, … , 𝐽𝐽;   𝑚𝑚 = 1, … ,𝑀𝑀;   𝑘𝑘 = 1, … ,𝐾𝐾𝑚𝑚 − 1 
 



LCR (latent class regression) model : 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚 = � 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ��𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗
𝑦𝑦𝑚𝑚𝑚𝑚 𝐳𝐳𝑖𝑖𝑚𝑚

𝐾𝐾𝑚𝑚

𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

 

 
 
 

log
𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗′ 𝐳𝐳𝑖𝑖𝑚𝑚
𝑝𝑝𝑚𝑚𝐾𝐾𝑚𝑚𝑗𝑗′ 𝐳𝐳𝑖𝑖𝑚𝑚

= 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗′ + 𝛼𝛼1𝑚𝑚𝑚𝑚𝑧𝑧𝑖𝑖𝑚𝑚1 + ⋯+ 𝛼𝛼𝑖𝑖𝑚𝑚𝑚𝑚𝑧𝑧𝑖𝑖𝑚𝑚𝑖𝑖 = 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗′ + 𝐳𝐳𝑖𝑖𝑚𝑚𝑇𝑇 𝜶𝜶𝑚𝑚𝑚𝑚 
 

                  with 𝑖𝑖 = 1, … ,𝑁𝑁;   𝑗𝑗′= 1, … , 𝐽𝐽;   𝑚𝑚 = 1, … ,𝑀𝑀;   𝑘𝑘 = 1, … ,𝐾𝐾𝑚𝑚 − 1 
 
 
• By fixing 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗′ at positive or negative infinity, we can fit a constrained LCR model  
     with the corresponding conditional probabilities being 1 or 0.  

簡報者
簡報註解
有些 measured response 可能在 fit LCR 後，會有互斥的情形發生，例如在某次 fit 後發現，第 2 個 class 的受試者在能不能自行洗澡這個問題上，幾乎都選擇 ”否”, 那我們就能在對應的  𝛾 𝑚𝑘 𝑗 ′   上做調整，把他設為正無限大或負無限大以符合實際情形



LCR (latent class regression) model : 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚 = � 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ��𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗
𝑦𝑦𝑚𝑚𝑚𝑚 𝐳𝐳𝑖𝑖𝑚𝑚

𝐾𝐾𝑚𝑚

𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

 

 
Assumptions : 
 
i. Pr 𝑆𝑆𝑖𝑖 = 𝑗𝑗|𝐱𝐱𝑖𝑖 , 𝐳𝐳𝑖𝑖 = Pr 𝑆𝑆𝑖𝑖 = 𝑗𝑗|𝐱𝐱𝑖𝑖  

 
ii. Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 , 𝐱𝐱𝑖𝑖 , 𝐳𝐳𝑖𝑖 = Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 , 𝐳𝐳𝑖𝑖  

 
iii. Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 , 𝐳𝐳𝑖𝑖 = ∏ Pr 𝑌𝑌𝑖𝑖𝑚𝑚 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 , 𝐳𝐳𝑖𝑖𝑚𝑚𝑀𝑀

𝑚𝑚=1  

簡報者
簡報註解
Latent class membership is associated with  𝐱 𝑖  onlyConditioning on class membership, measured responses are only associated with  𝐳 𝑖 Multiple responses are conditionally independent given class membership and  𝐳 𝑖 



Problems : 𝜂𝜂𝑗𝑗   →   𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ,  𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗  →   𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚  

  
• We can adjust for characteristics that determine measured responses  
    other than underlying classes, hence hopefully improving the accuracy of  
    classifying individuals. 

 
• Sometimes, there many combinations of 𝐱𝐱𝑖𝑖 and 𝐳𝐳𝑖𝑖𝑚𝑚, and we do not have  
    idea to choose which combination should be used to fit LCR model. 

 
• We develop a method based on machine learning classification technique  
    to select the optimal hyper-parameters. 
 

簡報者
簡報註解
參數變多   選擇不易要解決的問題  超參數的定義



Problems : 𝜂𝜂𝑗𝑗   →   𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ,  𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗  →   𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚  

  
Hyper-parameters :  
 
1. Number of latent class, 𝐽𝐽 

 
2. covariate of latent class prevalence, 𝐱𝐱𝑖𝑖 

 
3. covariate of conditional probabilities of measured response, 𝐳𝐳𝑖𝑖𝑚𝑚 

簡報者
簡報註解
參數變多   選擇不易要解決的問題  超參數的定義



研究方法 
Methodology 

簡報者
簡報註解
研究方法



Brief introduction for our methodology 

1. We want to build a classification model to select optimal LCR model's 
hyper-parameters.  
 

2. We first define several strategies to modify hyper-parameters. These 
strategies are our classification model's labels. 
 

3. When a LCR model is fitted, we use several diagnostic statistics as features 
to classify which strategy should be implemented.  

簡報者
簡報註解
簡單介紹方法  流程圖



How to build the classification model 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Training data 

Training data 

⋮ 

Train the 
classification model 

Training data 

Training data 

簡報者
簡報註解
簡單介紹方法  流程圖



How to build the classification model 

Several datasets used to build training dataset : 
 

1. the data in Table 1 of Goodman (1974) 
 

2. 8 simulation datasets in Huang (2005) 
 

3. functional trajectory data in Chen (2008) 
 

4. PANSS data in Huang (2011) 
 

5. mHELP data in Chen (2014) 
 
 

• Due to the cost of computation time, the data all above 
have at most three levels in measured responses. 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

簡報者
簡報註解
Training data



How to build the classification model data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

Fit LCR model 

Select the 
number of 
classes, J 

Fix some 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 

Fit LCR model 

Select the 
covariates  
𝐱𝐱𝑖𝑖 and 𝐳𝐳i 

簡報者
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Training data



How to build the classification model 
1. Select J  based on prior 

knowledge or the 
scientific objective. 
 

2. The eigenvalue criterion 
of selecting the number 
of classes proposed by 
Huang (2005). 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

Fit LCR model 

Select the 
number of 
classes, J 

Fix some 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 

Fit LCR model 

Select the 
covariates  
𝐱𝐱𝑖𝑖 and 𝐳𝐳i 

簡報者
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Training data



How to build the classification model 

Choose the relevant 
covariates as much as 
possible. 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

Fit LCR model 

Select the 
number of 
classes, J 

Fix some 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 

Fit LCR model 

Select the 
covariates  
𝐱𝐱𝑖𝑖 and 𝐳𝐳i 

簡報者
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Training data



How to build the classification model 

1. Set according to the prior 
knowledge. 
 

2. Fit model without fixed  
𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 first, then fix 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 with 
the largest standard errors. 

 
     Repeat this procedure until  
     all standard errors are less  
     than 𝑸𝑸𝟑𝟑 + 𝟏𝟏.𝟓𝟓 × 𝑰𝑰𝑸𝑸𝑰𝑰 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

Fit LCR model 

Select the 
number of 
classes, J 

Fix some 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 

Fit LCR model 

Select the 
covariates  
𝐱𝐱𝑖𝑖 and 𝐳𝐳i 
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How to build the classification model 

Use Expectation-Maximization 
(EM) algorithm introduced in 
Huang (2004) to estimate the 
parameters and their standard 
errors. 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

Fit LCR model 

Select the 
number of 
classes, J 

Fix some 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗 

Fit LCR model 

Select the 
covariates  
𝐱𝐱𝑖𝑖 and 𝐳𝐳i 
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How to build the classification model 
3 types of 12 diagnostic statistics in total are used as the input 
features for our machine learning classifier : 

𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2. 𝑝𝑝 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

Overall goodness-of fit : 

𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 . 𝑝𝑝 

Model Checking Based on the Pseudo-class Membership : 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 

Identifiability for LCA/LCR model : 

簡報者
簡報註解
介紹統計量



How to build the classification model data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2. 𝑝𝑝 

Overall goodness-of fit : 

• We can think of the relationships among M polytomous variables as a M-way   
contingency table. 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

簡報者
簡報註解
介紹統計量



Let  
• 𝐾𝐾# = ∏ 𝐾𝐾𝑚𝑚𝑀𝑀

𝑚𝑚=1 ,   𝐾𝐾∗= ∑ 𝐾𝐾𝑚𝑚𝑀𝑀
𝑚𝑚=1  

• 𝜙𝜙 be the vector of model parameters 
• For ℎ = 1, … ,𝐾𝐾#, let 𝐲𝐲ℎ = 𝑦𝑦ℎ1, … ,𝑦𝑦ℎ𝑀𝑀 𝑇𝑇 be hth possible response pattern of   
     𝐘𝐘𝑖𝑖 = 𝑌𝑌𝑖𝑖1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 𝑇𝑇 
• 𝑌𝑌�𝑖𝑖ℎ = I 𝐘𝐘𝑖𝑖 = 𝒚𝒚h  be the indicator of whether the ith subject has the hth response 
• 𝜋𝜋𝑖𝑖ℎ 𝜙𝜙 = Pr 𝐘𝐘𝑖𝑖 = 𝒚𝒚h;𝜙𝜙  

 
Then the distribution of the ith subject in terms of 𝑌𝑌�𝑖𝑖ℎ can be expressed as : 
 

Pr 𝐘𝐘𝑖𝑖 = 𝒚𝒚 = Pr 𝑌𝑌�𝑖𝑖1 = 𝑦𝑦�1, … ,𝑌𝑌�𝑖𝑖𝐾𝐾# = 𝑦𝑦�𝐾𝐾# = ∏ 𝜋𝜋𝑖𝑖ℎ 𝜙𝜙 𝑌𝑌�𝑖𝑖𝑖𝐾𝐾#
ℎ=1    

How to build the classification model 
𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

Pearson Residuals and Deviance Residuals of LCA models : 
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How to build the classification model 

Pearson Residuals and Deviance Residuals of LCA models : 

Then the goodness-of-fit statistic and its p-value are :  
 

𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 = ∑ 𝑓𝑓𝑖−�̂�𝑓𝑖
2

�̂�𝑓𝑖
𝐾𝐾#
ℎ=1  , 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 = p − value of  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2   

 
the corresponding likelihood ratio statistic and its p-value are : 
 

𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 = 2∑ 𝑓𝑓ℎ log 𝑓𝑓𝑖
�̂�𝑓𝑖

𝐾𝐾#
ℎ=1  , 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 = p − value of  𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2   

 
with d.f. 𝐾𝐾# − 1 − 𝐽𝐽 𝐾𝐾∗ − 𝑀𝑀 + 𝐽𝐽 − 1  

where  𝑓𝑓ℎ = ∑ 𝑌𝑌�𝑖𝑖ℎ𝑁𝑁
𝑖𝑖=1 ,  𝑓𝑓ℎ = ∑ 𝜋𝜋𝑖𝑖ℎ 𝜙𝜙�𝑁𝑁

𝑖𝑖=1 = 𝑁𝑁 × 𝜋𝜋ℎ 𝜙𝜙�𝑖𝑖𝐿𝐿𝐿𝐿  with 𝜙𝜙𝑖𝑖𝐿𝐿𝐿𝐿 = 𝜂𝜂𝑗𝑗 ,𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗  

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

data 

Fit LCR model 
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How to build the classification model 

Pearson Residuals and Deviance Residuals of LCR models : 

Then the goodness-of-fit statistic and its pseudo p-value are :  
 

𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 = ∑ 𝑓𝑓𝑖−�̂�𝑓𝑖
2

�̂�𝑓𝑖
𝐾𝐾#
ℎ=1  , 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 = p − value of  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2   

 
the corresponding likelihood ratio statistic and its pseudo p-value are : 
 

𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 = 2∑ 𝑓𝑓ℎ log 𝑓𝑓𝑖
�̂�𝑓𝑖

𝐾𝐾#
ℎ=1  , 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 = p − value of  𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2   

 
where  𝑓𝑓ℎ = ∑ 𝑌𝑌�𝑖𝑖ℎ𝑁𝑁

𝑖𝑖=1 ,  𝑓𝑓ℎ = 𝜋𝜋𝑖𝑖ℎ 𝜙𝜙�𝑖𝑖𝐿𝐿𝐿𝐿  with 𝜙𝜙𝑖𝑖𝐿𝐿𝐿𝐿 = 𝜷𝜷𝑗𝑗 , 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗′ ,𝜶𝜶𝑚𝑚𝑚𝑚  

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

data 

Fit LCR model 
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How to build the classification model 

𝑮𝑮𝟐𝟐 statistic to test the goodness of fit for LCR model : 

Consider  𝐘𝐘�𝑖𝑖 = 𝑌𝑌�𝑖𝑖1, … ,𝑌𝑌�𝑖𝑖 𝐾𝐾#−1
𝑇𝑇

  
 
Under the LCR model,  𝐘𝐘�𝑖𝑖  ~ 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 1;𝜋𝜋𝑖𝑖1 𝜙𝜙 , … ,𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙  

with 
 
 𝐕𝐕𝑖𝑖 = Var 𝐘𝐘�𝑖𝑖 = 
 

𝜋𝜋𝑖𝑖1 𝜙𝜙 1 − 𝜋𝜋𝑖𝑖1 𝜙𝜙 −𝜋𝜋𝑖𝑖1 𝜙𝜙 𝜋𝜋𝑖𝑖2 𝜙𝜙 ⋯ −𝜋𝜋𝑖𝑖1 𝜙𝜙 𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙  

−𝜋𝜋𝑖𝑖2 𝜙𝜙 𝜋𝜋𝑖𝑖1 𝜙𝜙 𝜋𝜋𝑖𝑖2 𝜙𝜙 1 − 𝜋𝜋𝑖𝑖2 𝜙𝜙 ⋯ −𝜋𝜋𝑖𝑖2 𝜙𝜙 𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙  
⋮ ⋮ ⋱ ⋮

 −𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙 𝜋𝜋𝑖𝑖1 𝜙𝜙 −𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙 𝜋𝜋𝑖𝑖2 𝜙𝜙 ⋯ 𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙 1 − 𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙  

 

 
then we can obtain the following theorem: 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 

𝑮𝑮𝟐𝟐 statistic to test the goodness of fit for LCR model : 

𝑇𝑇ℎ𝑇𝑇𝐿𝐿𝑇𝑇𝑇𝑇𝑚𝑚.   𝐿𝐿𝑇𝑇𝑚𝑚 𝐒𝐒�𝑛𝑛 = 1
𝑛𝑛
∑ 𝐘𝐘�𝑖𝑖 − 𝝅𝝅𝑖𝑖 𝜙𝜙�𝒏𝒏𝑛𝑛
𝑖𝑖=1 ,𝑤𝑤ℎ𝑇𝑇𝑇𝑇𝑇𝑇 𝝅𝝅𝑖𝑖 𝜙𝜙�𝒏𝒏 =

𝜋𝜋𝑖𝑖1 𝜙𝜙�𝒏𝒏 , … ,𝜋𝜋𝑖𝑖 𝐾𝐾#−1 𝜙𝜙�𝒏𝒏
𝑇𝑇

 
𝑚𝑚𝑚𝑚𝑎𝑎 𝜙𝜙�𝑛𝑛 𝑖𝑖𝑖𝑖 𝑚𝑚ℎ𝑇𝑇 𝑇𝑇𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚𝑇𝑇 𝐿𝐿𝑓𝑓 𝜙𝜙 𝑓𝑓𝑇𝑇𝐿𝐿𝑚𝑚 𝐘𝐘�𝑖𝑖; 𝑖𝑖 = 1, … ,𝑚𝑚 . 𝑆𝑆𝑚𝑚𝑝𝑝𝑝𝑝𝐿𝐿𝑖𝑖𝑇𝑇 𝑚𝑚ℎ𝑚𝑚𝑚𝑚   
i     𝑚𝑚𝑚𝑚𝑚𝑚 𝑇𝑇𝑚𝑚𝑇𝑇𝑚𝑚𝑇𝑇𝑚𝑚𝑚𝑚𝑖𝑖 𝐿𝐿𝑓𝑓 𝜙𝜙, 𝐱𝐱i 𝑚𝑚𝑚𝑚𝑎𝑎 𝐳𝐳𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑚𝑚 𝑚𝑚𝑇𝑇𝑇𝑇 𝑓𝑓𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑇𝑇; 
ii    𝚺𝚺𝑛𝑛 = 1

𝑛𝑛
∑ 𝐕𝐕𝑖𝑖 → 𝚺𝚺𝑛𝑛
𝑖𝑖=1  𝑤𝑤ℎ𝑖𝑖𝑤𝑤ℎ 𝑖𝑖𝑖𝑖 𝑝𝑝𝐿𝐿𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑝𝑝𝑇𝑇 𝑎𝑎𝑇𝑇𝑓𝑓𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑇𝑇; 

iii   𝑚𝑚ℎ𝑇𝑇𝑇𝑇𝑇𝑇 𝑇𝑇𝑥𝑥𝑖𝑖𝑖𝑖𝑚𝑚 𝑝𝑝𝐿𝐿𝑖𝑖𝑚𝑚𝑖𝑖𝑝𝑝𝑇𝑇 𝑚𝑚𝑚𝑚𝑚𝑚𝑛𝑛𝑇𝑇𝑇𝑇𝑖𝑖 𝐴𝐴 𝑚𝑚𝑚𝑚𝑎𝑎 𝐵𝐵 𝑖𝑖𝑚𝑚𝑤𝑤ℎ 𝑚𝑚ℎ𝑚𝑚𝑚𝑚 𝑓𝑓𝐿𝐿𝑇𝑇 𝑚𝑚𝑚𝑚𝑚𝑚 𝑖𝑖,𝑝𝑝,𝑚𝑚 𝑚𝑚𝑚𝑚𝑎𝑎 𝑞𝑞,  
         𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝐴𝐴 𝑚𝑚𝑚𝑚𝑎𝑎 𝑧𝑧𝑖𝑖𝑚𝑚𝑖𝑖 ≤ 𝐵𝐵. 
  
Then 𝐺𝐺2 = 𝐒𝐒�𝑛𝑛𝑇𝑇𝚺𝚺−𝟏𝟏𝐒𝐒�𝑛𝑛 

ℒ
→ 𝜒𝜒2 𝑤𝑤𝑖𝑖𝑚𝑚ℎ 𝑎𝑎. 𝑓𝑓. = 𝐾𝐾# − 1  

 
𝐺𝐺2.𝑝𝑝 = 𝑝𝑝 − 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑇𝑇 𝐿𝐿𝑓𝑓 𝐺𝐺2  

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

data 

Fit LCR model 
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Collect 
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簡報者
簡報註解
概念類似 binomial 近似到 normal distributionMultinomial 近似到 multivariate normalMahalanobis distance



𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 . 𝑝𝑝 

Model Checking Based on the Pseudo-class Membership : 

How to build the classification model data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

After 𝐘𝐘𝑖𝑖 , 𝐱𝐱𝑖𝑖 , 𝐳𝐳𝑖𝑖  is observed for subject i, the posterior probabilities of class  
membership is : 
 

𝜃𝜃𝑖𝑖𝑗𝑗 = Pr 𝑆𝑆𝑖𝑖 = 𝑗𝑗|𝐘𝐘𝑖𝑖 = 𝑦𝑦𝑖𝑖 , x𝑖𝑖 , 𝑧𝑧𝑖𝑖 =
𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ∏ ∏ 𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚

𝐾𝐾𝑚𝑚
𝑚𝑚=1

𝑦𝑦𝑖𝑖𝑚𝑚𝑚𝑚𝑀𝑀
𝑚𝑚=1

∑ 𝜂𝜂𝑐𝑐 𝐱𝐱𝑖𝑖 ∏ ∏ 𝑝𝑝𝑚𝑚𝑚𝑚𝑐𝑐 𝐳𝐳𝑖𝑖𝑚𝑚
𝐾𝐾𝑚𝑚
𝑚𝑚=1

𝑦𝑦𝑖𝑖𝑚𝑚𝑚𝑚𝑀𝑀
𝑚𝑚=1

𝐽𝐽
𝑐𝑐=1

, 𝑗𝑗 = 1, … , 𝐽𝐽 

 
we can get subject i's pseudo-class membership by randomly assigning it to a stratum  
𝐶𝐶𝑖𝑖 ∈ 1, … , 𝐽𝐽 , with probabilities �̂�𝜃𝑖𝑖1, … , �̂�𝜃𝑖𝑖𝐽𝐽 

簡報者
簡報註解
介紹統計量



How to build the classification model 

Goodness of fit for diagnosis of latent prevalence 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖  : 

Define �̃�𝐶𝑖𝑖𝑗𝑗 = I 𝐶𝐶𝑖𝑖 = 𝑗𝑗 , 𝑚𝑚𝑗𝑗 = ∑ �̃�𝐶𝑖𝑖𝑗𝑗𝑁𝑁
𝑖𝑖=1  and 𝑚𝑚�𝑗𝑗 = ∑ �̂�𝜂𝑗𝑗 𝐱𝐱𝑖𝑖𝑁𝑁

𝑖𝑖=1  
Then the goodness-of-fit statistic and its p-value are :  

 
𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 = ∑ 𝑢𝑢𝑗𝑗−𝑢𝑢�𝑗𝑗

2

𝑢𝑢�𝑗𝑗
𝐽𝐽
𝑗𝑗=1 , 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 = p − value of  𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2   

 
the corresponding likelihood ratio statistic and its p-value are : 
 

𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 = 2∑ 𝑚𝑚𝑗𝑗 log 𝑢𝑢𝑗𝑗
𝑢𝑢�𝑗𝑗

𝐽𝐽
𝑗𝑗=1 , 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 = p − value of  𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2   

with d.f. 𝐽𝐽 − 1 
 
 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 

Goodness of fit for diagnosis of conditional probabilities 𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚  : 

Define  𝑌𝑌�𝑖𝑖𝑚𝑚𝑚𝑚𝑗𝑗 = I 𝑌𝑌𝑖𝑖𝑚𝑚 = 𝑘𝑘 ∩ 𝐶𝐶𝑖𝑖 = 𝑗𝑗 ,  
𝐿𝐿𝑚𝑚𝑚𝑚𝑗𝑗 = ∑ 𝑌𝑌�𝑖𝑖𝑚𝑚𝑚𝑚𝑗𝑗𝑁𝑁

𝑖𝑖=1  and  𝐿𝐿�𝑚𝑚𝑚𝑚𝑗𝑗 = ∑ �̂�𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 �̂�𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚𝑁𝑁
𝑖𝑖=1   

Then the goodness-of-fit statistic and its p-value are :  
 

𝑋𝑋𝑚𝑚𝑗𝑗2 = ∑ 𝑜𝑜𝑚𝑚𝑚𝑚𝑗𝑗−𝑜𝑜�𝑚𝑚𝑚𝑚𝑗𝑗
2

𝑜𝑜�𝑚𝑚𝑚𝑚𝑗𝑗

𝐾𝐾𝑚𝑚
𝑚𝑚=1   

 
the corresponding likelihood ratio statistic and its p-value are : 
 

𝐷𝐷𝑚𝑚𝑗𝑗2 = 2∑ 𝐿𝐿𝑚𝑚𝑚𝑚𝑗𝑗 log 𝑜𝑜𝑚𝑚𝑚𝑚𝑗𝑗

𝑜𝑜�𝑚𝑚𝑚𝑚𝑗𝑗

𝐾𝐾𝑚𝑚
𝑚𝑚=1   

with d.f. 𝐾𝐾𝑚𝑚 − 1 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 



How to build the classification model 

Goodness of fit for diagnosis of conditional probabilities 𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 𝐳𝐳𝑖𝑖𝑚𝑚  : 

We use the weighted average of these two statistics as the diagnosis statistics  
of LCR model : 

𝑋𝑋𝑐𝑐𝑖𝑖2 =
1
𝑀𝑀
� �𝑤𝑤𝑗𝑗𝑋𝑋𝑚𝑚𝑗𝑗2

𝐽𝐽

𝑗𝑗=1

𝑀𝑀

𝑚𝑚=1

 

and 

𝐷𝐷𝑐𝑐𝑖𝑖2 =
1
𝑀𝑀
� �𝑤𝑤𝑗𝑗𝐷𝐷𝑚𝑚𝑗𝑗2

𝐽𝐽

𝑗𝑗=1

𝑀𝑀

𝑚𝑚=1

 

 
where  𝑤𝑤𝑗𝑗 = the number of objects in class 𝑗𝑗 𝑁𝑁⁄  
 
d.f. can be obtained by the same weighted averaging approach over the p-values  
of  𝑋𝑋𝑚𝑚𝑗𝑗2  and  𝐷𝐷𝑚𝑚𝑗𝑗2 , respectively.  

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 

Check the conditional independence assumption : 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 , 𝐳𝐳𝑖𝑖 = � Pr 𝑌𝑌𝑖𝑖𝑚𝑚 = 𝑦𝑦𝑚𝑚|𝑆𝑆𝑖𝑖 , 𝐳𝐳𝑖𝑖𝑚𝑚

𝑀𝑀

𝑚𝑚=1

 

 
 
We use “Loss of Independence” (𝐿𝐿𝐿𝐿𝐿𝐿) to check this assumption (Huang, 2011). 
 
We introduce it when covariates 𝐳𝐳𝑖𝑖 are not incorporated in the conditional distribution,  
more details when covariates 𝐳𝐳𝑖𝑖 are incorporated can refer to Huang, 2011. 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 

Check the conditional independence assumption : 

To introduce it, the response vector 𝑌𝑌𝑖𝑖1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 𝑇𝑇 is represented as a vector with elements 
being the indicators of each category : 
 
                                �̇�𝐘𝑖𝑖 = �̇�𝐘𝑖𝑖1, �̇�𝐘𝑖𝑖2, … , �̇�𝐘𝑖𝑖𝑀𝑀  

                 = 𝑌𝑌𝑖𝑖11, … ,𝑌𝑌𝑖𝑖1 𝐾𝐾1−1 ,𝑌𝑌𝑖𝑖21, … ,𝑌𝑌𝑖𝑖2 𝐾𝐾2−1 , … ,𝑌𝑌𝑖𝑖𝑀𝑀1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 𝐾𝐾𝑀𝑀−1  
 
with  𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 = I 𝑌𝑌𝑖𝑖𝑚𝑚 = 𝑘𝑘 ;  𝑚𝑚 = 1, … ,𝑀𝑀; 𝑘𝑘 = 1, … , 𝐾𝐾𝑚𝑚 − 1 . Then 
 

Cov �̇�𝐘𝑖𝑖 = Cov 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 ,𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 =

𝐁𝐁11 𝐁𝐁12 ⋯ 𝐁𝐁1𝑀𝑀
𝐁𝐁21 𝐁𝐁22 ⋯ 𝐁𝐁1𝑀𝑀
⋮ ⋮ ⋱ ⋮

𝐁𝐁𝑀𝑀1 𝐁𝐁𝑀𝑀2 ⋯ 𝐁𝐁𝑀𝑀𝑀𝑀

 

 
where 𝐁𝐁𝑚𝑚𝑖𝑖 = Cov �̇�𝐘𝑖𝑖𝑚𝑚, �̇�𝐘𝑖𝑖𝑖𝑖  is a 𝐾𝐾𝑚𝑚 − 1 × 𝐾𝐾𝑖𝑖 − 1  block matrix 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 

Check the conditional independence assumption : 

Cov �̇�𝐘𝑖𝑖 = Cov 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 ,𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 =

𝐁𝐁11 𝐁𝐁12 ⋯ 𝐁𝐁1𝑀𝑀
𝐁𝐁21 𝐁𝐁22 ⋯ 𝐁𝐁1𝑀𝑀
⋮ ⋮ ⋱ ⋮

𝐁𝐁𝑀𝑀1 𝐁𝐁𝑀𝑀2 ⋯ 𝐁𝐁𝑀𝑀𝑀𝑀

 

 
Various components of the above covariance matrix are : 
 

Cov 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 ,𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 = �
Pr 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 = 1 − Pr 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 = 1 Pr 𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 = 1                     if 𝑚𝑚 = 𝑚𝑚 and 𝑘𝑘 = 𝑖𝑖, 
− Pr 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 = 1 Pr 𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 = 1                                               if 𝑚𝑚 = 𝑚𝑚 and 𝑘𝑘 ≠ 𝑖𝑖, 
Pr 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 = 1,𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 = 1 − Pr 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 = 1 Pr 𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 = 1     if 𝑚𝑚 ≠ 𝑚𝑚.                    

 

 
The sample covariance matrix of Cov �̇�𝐘𝑖𝑖  can be obtained by replacing the probabilities 
with their sample averages. 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 



How to build the classification model 

Check the conditional independence assumption : 

Cov �̇�𝐘𝑖𝑖 = Cov 𝑌𝑌𝑖𝑖𝑚𝑚𝑚𝑚 ,𝑌𝑌𝑖𝑖𝑖𝑖𝑐𝑐 =

𝐁𝐁11 𝐁𝐁12 ⋯ 𝐁𝐁1𝑀𝑀
𝐁𝐁21 𝐁𝐁22 ⋯ 𝐁𝐁1𝑀𝑀
⋮ ⋮ ⋱ ⋮

𝐁𝐁𝑀𝑀1 𝐁𝐁𝑀𝑀2 ⋯ 𝐁𝐁𝑀𝑀𝑀𝑀

 

 
• Let  ACov𝑗𝑗 be the average of absolute values of entries in off-diagonal blocks of the 

sample covariance matrix using objects with 𝐶𝐶𝑖𝑖 = 𝑗𝑗. 
 

• ACov𝑗𝑗 represents the magnitude of between-indicator covariances for the jth class. 
 

𝐿𝐿𝐿𝐿𝐿𝐿 = �𝑤𝑤𝑗𝑗ACov𝑗𝑗

𝐽𝐽

𝑗𝑗=1
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How to build the classification model data 
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𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 

Identifiability for LCA/LCR model : 

• Identifiability has been a problem of LCA model for a long time.  
• Different values of the parameters must generate different probability 

distributions of the observable variables. 

簡報者
簡報註解
介紹統計量



How to build the classification model 

Identifiability for LCA model : 

The sufficient conditions for the local identifiability of the constrained LCA model are 
proposed by Huang (2004) : 
  

Let  𝝍𝝍𝑗𝑗 be a ∏ 𝐾𝐾𝑚𝑚𝑀𝑀
𝑚𝑚=1 − 1 × 1 vector with hth element 

 
𝜓𝜓ℎ𝑗𝑗 = Pr 𝐘𝐘𝑖𝑖 = 𝐲𝐲ℎ|𝑆𝑆𝑖𝑖 = 𝑗𝑗 = ∏ 𝑝𝑝𝑚𝑚𝑦𝑦𝑖𝑚𝑚𝑗𝑗 ,

𝑀𝑀
𝑚𝑚=1   

 
where 𝐲𝐲h = 𝑦𝑦ℎ1, … ,𝑦𝑦ℎ𝑀𝑀  is the hth possible response patterns  
𝜉𝜉 is the number of pre-fixed conditional probabilities 𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 = 0 or 1. Suppose that 
  
(i)   ∏ 𝐾𝐾𝑚𝑚𝑀𝑀

𝑚𝑚=1 − 1 ≥ 𝐽𝐽 ∑ 𝐾𝐾𝑚𝑚 − 1𝑀𝑀
𝑚𝑚=1 + 𝐽𝐽 − 1 − 𝜉𝜉; 

ii   𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 > 0 and  𝜂𝜂𝑗𝑗 > 0  for all free parameters; 
(iii) 𝝍𝝍1, … ,𝝍𝝍𝐽𝐽 are linearly independent. 
 
Then, the constrained LCA model is locally identifiable. 
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How to build the classification model 

Identifiability for LCA model : 

(i)   ∏ 𝐾𝐾𝑚𝑚𝑀𝑀
𝑚𝑚=1 − 1 ≥ 𝐽𝐽 ∑ 𝐾𝐾𝑚𝑚 − 1𝑀𝑀

𝑚𝑚=1 + 𝐽𝐽 − 1 − 𝜉𝜉; 
ii   𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 > 0 and  𝜂𝜂𝑗𝑗 > 0  for all free parameters; 

(iii) 𝝍𝝍1, … ,𝝍𝝍𝐽𝐽 are linearly independent. 
  
• (i) and (ii) can be easily restricted by programing setting. 

 
• To check (iii), define the matrix 𝚿𝚿 = 𝝍𝝍1, … ,𝝍𝝍𝐽𝐽 . Then 𝝍𝝍1, … ,𝝍𝝍𝐽𝐽 are linearly 

independent if and only if the eigenvalues of 𝚿𝚿𝑇𝑇𝚿𝚿 are all positive. 
 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 = the number of eigenvalues of 𝚿𝚿𝑇𝑇𝚿𝚿 > 0.1 /𝐽𝐽 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 

Identifiability for LCR model : 

Let 𝝉𝝉𝑗𝑗  be a ∏ 𝐾𝐾𝑚𝑚𝑀𝑀
𝑚𝑚=1 − 1 × 1 vector with hth element 

 

𝜏𝜏ℎ𝑗𝑗 = �
exp 𝛾𝛾𝑚𝑚𝑦𝑦𝑖𝑚𝑚𝑗𝑗

1 + ∑ exp 𝛾𝛾𝑚𝑚𝑚𝑚𝑗𝑗𝐾𝐾−1
𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

 

  
To check 𝝉𝝉1, … , 𝝉𝝉𝐽𝐽 are linearly independent, Define the matrix  𝚲𝚲 = 𝝉𝝉1, … , 𝝉𝝉𝐽𝐽  and 
calculate the ratio of eigenvalues of  𝚲𝚲𝑇𝑇𝚲𝚲  greater than 0.1 
 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 = the number of eigenvalues of 𝚲𝚲𝑇𝑇𝚲𝚲 > 0.1 /𝐽𝐽 

𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿 𝐿𝐿𝑖𝑖𝐿𝐿𝐿𝐿  𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝑋𝑋𝑖𝑖𝐿𝐿𝐿𝐿2 .𝑝𝑝 𝐷𝐷𝑖𝑖𝐿𝐿𝐿𝐿2 . 𝑝𝑝 𝐺𝐺2.𝑝𝑝 𝐿𝐿𝐿𝐿𝐿𝐿 𝑋𝑋𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 . 𝑝𝑝 𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐2 .𝑝𝑝 𝑋𝑋𝑐𝑐𝑖𝑖2 .𝑝𝑝 𝐷𝐷𝑐𝑐𝑖𝑖2 .𝑝𝑝 
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How to build the classification model 
  
Hyper-parameters : 
 

Pr 𝑌𝑌𝑖𝑖1 = 𝑦𝑦1, … ,𝑌𝑌𝑖𝑖𝑀𝑀 = 𝑦𝑦𝑚𝑚 = � 𝜂𝜂𝑗𝑗 𝐱𝐱𝑖𝑖 ��𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗
𝑦𝑦𝑚𝑚𝑚𝑚 𝐳𝐳𝑖𝑖𝑚𝑚

𝐾𝐾𝑚𝑚

𝑚𝑚=1

𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

 

            with  𝐱𝐱𝑖𝑖 = 1, 𝑥𝑥𝑖𝑖1, … , 𝑥𝑥𝑖𝑖𝑖𝑖
𝑇𝑇

 
                        𝐳𝐳𝑖𝑖 = 𝐳𝐳𝑖𝑖1, … , 𝐳𝐳𝑖𝑖𝑀𝑀   with  𝐳𝐳𝑖𝑖𝑚𝑚 = 1, 𝑧𝑧𝑖𝑖𝑚𝑚1, … , 𝑧𝑧𝑖𝑖𝑚𝑚𝑖𝑖

𝑇𝑇   

 
1. Number of latent class, 𝑱𝑱 

 
2. covariate of latent class prevalence, 𝐱𝐱𝒊𝒊 

 
3. covariate of conditional probabilities of measured response, 𝐳𝐳𝒊𝒊𝒊𝒊 

data 
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How to build the classification model 
Strategies for each hyper-parameters : 
 
Given the current number of latent classes 𝐽𝐽∗, the new 𝑱𝑱: 
 

1.    stay the same (i.e., 𝐽𝐽 = 𝐽𝐽∗) 
2.    𝐽𝐽 = 𝐽𝐽∗ − 1 if  𝐽𝐽∗ ≥ max 𝐾𝐾1 + 1 , … , 𝐾𝐾𝑀𝑀 + 1  

3.    𝐽𝐽 = 𝐽𝐽∗ + 1 if  𝐽𝐽∗ ≤ ∑ 𝐾𝐾𝑚𝑚 − 1𝑀𝑀
𝑚𝑚=1  and  𝐽𝐽∗ ≤ ∏ 𝐾𝐾𝑚𝑚𝑀𝑀

𝑚𝑚=1 +𝜉𝜉
1+∑ 𝐾𝐾𝑚𝑚−1𝑀𝑀

𝑚𝑚=1
− 1 

 

For covariates of latent class prevalence, 𝐱𝐱𝒊𝒊 : 
 

1.    stay the same 
2.    remove the covariate with the largest average p-value across all levels of each  
        response if the number of covariates of latent class prevalence ≥ 2 
 

For covariates of conditional probabilities of measured response, 𝐳𝐳𝒊𝒊𝒊𝒊 : 
 

1.    stay the same 
2.    remove the covariate with the largest average p-value across all levels of each  
        response if the number of covariates of conditional probabilities ≥ 2 
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How to build the classification model 
Strategies for each hyper-parameters : 
 
Given the current number of latent classes 𝐽𝐽∗, the new 𝑱𝑱: 
 

1.    stay the same (i.e., 𝐽𝐽 = 𝐽𝐽∗) 
2.    𝐽𝐽 = 𝐽𝐽∗ − 1 if  𝐽𝐽∗ ≥ max 𝐾𝐾1 + 1 , … , 𝐾𝐾𝑀𝑀 + 1  

3.    𝐽𝐽 = 𝐽𝐽∗ + 1 if  𝐽𝐽∗ ≤ ∑ 𝐾𝐾𝑚𝑚 − 1𝑀𝑀
𝑚𝑚=1  and  𝐽𝐽∗ ≤ ∏ 𝐾𝐾𝑚𝑚𝑀𝑀

𝑚𝑚=1 +𝜉𝜉
1+∑ 𝐾𝐾𝑚𝑚−1𝑀𝑀

𝑚𝑚=1
− 1 

 
        where 𝜉𝜉 is the number of pre-fixed conditional probabilities 𝑝𝑝𝑚𝑚𝑚𝑚𝑗𝑗 = 0 or 1 
 

• The bound of  𝐽𝐽  is reasonable if we think of latent variable 
modeling as a dimension reduction process. 
 

• The bound  𝐽𝐽 ≤ ∏ 𝐾𝐾𝑚𝑚+𝜉𝜉𝑀𝑀
𝑚𝑚=1

1+∑ 𝐾𝐾𝑚𝑚−1𝑀𝑀
𝑚𝑚=1

− 1  states that the number of model΄s 

parameters cannot exceed the number of independent pieces of 
observed information. 
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How to build the classification model 

Training data generation : 
 
• 12 possible strategies for adjusting hyper-parameters are the output labels. 
 
• Adjust the hyper-parameters according to the output label that can result in the 

smallest residual sum of squares  
 

� 𝑓𝑓ℎ − 𝑓𝑓ℎ
2

𝐾𝐾#

ℎ=1

 

 
      and fit LCR model again. 
 
• Repeat above process until the label representing all three hyper-parameters  

remaining unchanged is selected. 
 

• Note that the training data is imbalanced if the procedure is followed. 
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How to build the classification model 
3 types of hyper-parameter selection approaches : 
 
1. LCR with covariate effects on conditional probabilities only 

 
2. LCR with covariate effects on latent prevalence only 

 
3. LCR with covariate effects on both conditional probabilities and latent prevalence 
 
 
5 Adopted Machine Learning Classifier : 
 
1. Logistic regression 

 
2. Random forest 

 
3. Support vector machine (SVM) 

 
4. Adaptive boosting (AdaBoost) 

 
5. Extreme gradient boosting (XGBoost) 
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How to build the classification model 

Model selection : 

• Since the sizes of training data are small, we use 5-fold cross-validation to evaluate 
model performance.   

• We choose the one with the highest validation accuracy in average as our model. 

data 

Fit LCR model 

Grid-search on 
all strategies 

Collect 
features 

Train the 
classification 

model 



How to build the classification model 

 

covariate effects on conditional probabilities only 
model training acc. (s.d.) validation acc. (s.d.) 

logistic regression 0.724 (0.097) 0.147 (0.086) 
random forest 0.787 (0.058) 0.321 (0.114) 

SVM 0.388 (0.022) 0.339 (0.080) 
AdaBoost 0.616 (0.039) 0.235 (0.044) 
XGBoost 1 (0) 0.324 (0.116) 

covariate effects on latent prevalence only 
model training acc. (s.d.) validation acc. (s.d.) 

logistic regression 0.801 (0.054) 0.265 (0.144) 
random forest 0.776 (0.062) 0.467 (0.126) 

SVM 0.385 (0.010) 0.388 (0.041) 
AdaBoost 0.564 (0.040) 0.442 (0.096) 
XGBoost 1 (0) 0.293 (0.223) 

covariate effects on both conditional probabilities and latent prevalence 
model training acc. (s.d.) validation acc. (s.d.) 

logistic regression 0.939 (0.062) 0.120 (0.072) 
random forest 0.691 (0.056) 0.341 (0.111) 

SVM 0.455 (0.064) 0.333 (0.056) 
AdaBoost 0.500 (0.050) 0.241 (0.158) 
XGBoost 1 (0) 0.250 (0.147) 
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研究成果 
Result  



Testing data 
The data (N = 1641) is about Vision-related disability assessed via. the Activities of Daily Vision Scale (ADVS) 
 
Measured responses : 5 tasks comprising the “far vision” subscale of the ADVS   
                                          1.  reading street signs at night                  (3 levels) 
           2.  reading street signs in daylight             (2 levels) 
           3.  walking down steps during daylight     (2 levels) 
           4.  walking down steps in dim light           (2 levels) 
                                      5.  watching TV                                         (2 levels) 
 
Covariate effects on latent prevalence :                 Covariate effects on conditional probabilities :  
1.   number of reported comorbid diseases 
2.   visual acuity (視力) 
3.   contrast sensitivity (對比敏感度)                          
4.   glare sensitivity (眩光敏感度) 
5.   stereoacuity (立體視) 
6.   central visual field (中央視野)  

1.   age 
2.   cognitive status assessed with the MMSE score 
3.   years of education 
4.   gender 
5.   race 
6.   GHQ depression subscale score 

簡報者
簡報註解
合併症包括關節炎髖關節炎，心血管疾病，高血壓，糖尿病，肺氣腫，哮喘，帕金森病，癌症和中風MMSE score : 智能測驗



Model performance on testing data 
• The difference between  
 1.  residual sum of squares based on the predicted label 
 2.  residual sum of squares based on the label obtained by using grid-search  
      can be used to evaluate our hyper-parameters selection approach 
 
 
• Efficiency of our model on the testing data is defined as : 

 

𝑇𝑇𝑓𝑓𝑓𝑓. =
𝜖𝜖0 − 𝜖𝜖#̂

𝜖𝜖0 − 𝜖𝜖#
 

 
       𝜖𝜖0 is the baseline residual sum of squares of the LCR model without changing any hyper-parameters 
       𝜖𝜖# is the residual sum of squares after hyper-parameter selection using grid-search 
       𝜖𝜖#̂ is the residual sum of squares obtained by using our approach 



Model performance on testing data 

LCR with covariate effects on conditional probabilities only ( 𝒆𝒆𝒆𝒆𝒆𝒆. = 𝟗𝟗𝟐𝟐.𝟑𝟑𝟑  ) 

The difference in residual between two approaches is due to the different hyper-parameters selection strategy 
used. 



Model performance on testing data 

LCR with covariate effects on latent prevalence only ( 𝒆𝒆𝒆𝒆𝒆𝒆. = 𝟗𝟗𝟗𝟗.𝟔𝟔𝟑 ) 

The difference in residual between two approaches is due to the random factor in the process of estimating 
model parameters. 



Model performance on testing data 

LCR with covariate effects on both conditional probabilities and latent prevalence 
( 𝒆𝒆𝒆𝒆𝒆𝒆. = 𝟓𝟓𝟓𝟓.𝟓𝟓𝟑 ) 

The difference in residual between two approaches is due to the different hyper-parameters selection strategy 
used. 



結論 
Summary  



Summary  

• Compared with grid-search, our approach cost nearly 5 to 10 times less time to select optimal 
hyper-parameters of LCR model. 
 

• Our approach’s performance is not as good as expected. It tends to stop the optimization process 
early since, in training data, the label corresponding to all hyper-parameters remaining unchanged 
accounts for approximately 35% of the total output labels. 
 

• We expect this dilemma will be overcome when we have more training data. 
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